Abstract. For a prime number p, we denote by k ∞ the cyclotomic Z p -extension of a number field k. For a finite set S of prime numbers, we consider the S-ramified Iwasawa module which is the Galois group of the maximal abelian pro-p-extension of k ∞ unramified outside S. This paper treats the case where S does not contain p and k is the rational number field or an imaginary quadratic field. In this case, we prove the explicit formulae for the free ranks of the S-ramified Iwasawa modules as abelian pro-p groups, by using Brumer's p-adic version of Baker's theorem on the linear independence of logarithms of algebraic numbers.
Introduction
Let p be a prime number, and Q ∞ the Z p -extension of the rational number field Q. For a finite extension k/Q, the composition k ∞ = kQ ∞ is the cyclotomic Z pextension of k. The Galois group Γ = Gal(k ∞ /k) is isomorphic to the additive group of the ring Z p of p-adic integers. For a finite set S of prime numbers, the S-ramified Iwasawa module X S (k ∞ ) = Gal(L S (k ∞ )/k ∞ ) is defined as the Galois group of the maximal abelian pro-p-extension L S (k ∞ )/k ∞ unramified outside S (and unramified at infinite places), on which Γ acts via the inner automorphisms of Gal(L S (k ∞ )/k). Then the complete group ring Z p [[Γ ]] acts on X S (k ∞ ) continuously, and X S (k ∞ ) is finitely generated as a Z p [[Γ ]]-module.
In the case that p ∈ S, the structure of X S (k ∞ ) is relatively well understood. For instance, X S (Q ∞ ) is a finitely generated free Z p -module if p ∈ S (cf. [11] Theorem 10.5.6, [6] Theorem 3 etc.). On the other hand, the tamely ramified Iwasawa module X S (k ∞ ) where p ∈ S is also one of the main objects in classical Iwasawa theory. In particular, the structural invariants of unramified Iwasawa modules X ∅ (k ∞ ) appear in Iwasawa's class number formula (cf. [15] etc.). In this paper, we focus on the
where Q p denotes the field of p-adic numbers. The relative formulae of λ ∅ (k ∞ ) for the p-extensions of J-fields are well known as the formulae of Riemann-Hurwitz type by Iwasawa [6] and Kida [8] [9] . In the case where p = 2 and k is an imaginary quadratic field, Ferrero [3] and Kida [7] gave the explicit formulae of λ ∅ (k ∞ ), and Salle [13] gave a relative formula between λ S (k ∞ ) and λ S (Q ∞ ) with its applications in some special cases where λ S (Q ∞ ) = 0. As a generalization of these formulae, we give the formulae of λ S (k ∞ ) in the most basic case where k = Q and also for imaginary quadratic fields k.
For a prime number ℓ = p, we denote by P ℓ = p N ℓ the number of places of Q ∞ lying over ℓ. If 2 = ℓ ≡ ±1 (mod p), N ℓ is the largest integer such that ℓ 2 ≡ 1 (mod 4p N ℓ +1 ). If ℓ = 2 and p = 3, then P ℓ = 1. We regard "max ∅ = 0". The main results are the following theorems. Theorem 1. Let p be a prime number, and S a finite set of prime numbers such that p ∈ S.
Remark. For an arbitrary integer λ ≥ 0, one can find S such that λ S (Q ∞ ) = λ. For number fields k with prescribed λ ∅ (k ∞ ), refer to [4] .
Example. If p = 2 and S = {3, 5, 7, 31, 79}, then λ S (Q ∞ ) = 0. On the other hand, the maximal pro-2-extension over Q unramified outside S is an infinite extension (cf.
[11] Corollary 10.10.2). This example is analogous to the situation of [10] and [12] Corollary 1.
Theorem 2. Let p be a prime number, and S a finite set of prime numbers such that p ∈ S. Let k be an imaginary quadratic field.
(i) If p = 2, put S ′ and P ′ max as in Theorem 1, and put
, and δ = 0 otherwise. (ii) If p = 2, put P + max and P as in Theorem 1, and let S k be the set of odd prime numbers ramifying in k. Assume that S ∪ S k = ∅. Then
Remark. If p = 3 and k = Q( √ −3), then λ ∅ (k ∞ ) = 0 and any ℓ ∈ S ′ splits in k.
The invariants λ ∅ (k ∞ ) are also computable via the Stickelberger elements (cf., e.g., [5] , [15] ).
In Section 2, we recall some basic facts, and reduce Theorem 1 and Theorem 2 to the finiteness of X {ℓ} (Q ∞ ) (Lemma 3). In Section 3, we prove the finiteness of X {ℓ} (Q ∞ ) as a key theorem (Theorem 3) by using Brumer's p-adic version [1] of Baker's theorem (cf. [15] Theorem 5.29). Then we also give an application to finite fields (Corollary 1). In Section 4, we give an upper bound of |X {ℓ} (Q ∞ )| in a special case where p = 3.
Preliminaries
) which is the n-th layer of the Z p -extension Q ∞ /Q, i.e., the unique subextension of degree p n .
For a finite extension k/Q such that k ∩ Q ∞ = Q, k n = kB n is the n-th layer of the cyclotomic Let k/Q be a finite extension such that k ∩ Q ∞ = Q. Let O kn be the ring of algebraic integers in k n , and E(k n ) = O × kn the unit group. For a finite set S of prime numbers, L S (k n ) denotes the maximal abelian pro-p-extension of k n unramified outside S. If p ∈ S, we denote by A S (k n ) the Sylow p-subgroup of the ray class group of k n modulo m = ℓ∈S ℓ. In particular, A ∅ (k n ) is the Sylow p-subgroup of the ideal class group of k n . Then we obtain the exact sequence
by class field theory, we also obtain the exact sequence
of Galois modules by taking the projective limit lim ← − of the sequence (1) with respect to the norm mappings. Since no prime ideals of k split completely in the cyclotomic For prime numbers ℓ = p, we define the polynomials f ℓ (T ) ∈ Λ as follows:
if p = 2, and ζ
isomorphism, since the both sides are isomorphic to Z p ⊕P ℓ as Z p -modules.
For the convenience, we give the proof of the following lemma which is well known.
Proof. For an abelian extension k/B n , we denote by N k/Bn the norm mapping. Put
where ω is a primitive (p − 1)-th root of unity in Z p . Then ξ n ∈ E(B n ) and N B n+1 /Bn ξ n+1 = ξ n for all n ≥ 0. For a moment, we suppose that p = 2. Let C(Q(ζ p n+1 )) (resp. C(B n )) be the group of circular units of Q(ζ p n+1 ) (resp. B n ) defined by Sinnott [14] . Then ζ p n+1 C(Q(ζ p n+1 )) is the group of cyclotomic units of Q(ζ p n+1 ) defined in [15] . Since N Q(ζ p n+1 )/Bn ζ p n+1 = 1, Lemma 8.1 (b) and Proposition 8.11 of [15] yield that N Q(ζ p n+1 )/Bn C(Q(ζ p n+1 )) is generated by one element ξ n as a
prime to p by Theorem 4.1 and 5.1 of [14] , E(B n ) ⊗ Z Z p is generated by ξ n ⊗ 1 as a Z p [Γ/Γ p n ]-module. If p = 2, we have N Bn/Q ξ n = −1. Then Theorem 8.2 and Proposition 8.11 of [15] yield that ξ n ⊗ 1 generates
Therefore E is a cyclic Λ-module. Since the Z p -rank of E(B n ) ⊗ Z Z p is unbounded as n → ∞, we have E ≃ Λ.
The main theorems are reduced to the finiteness of X {ℓ} (Q ∞ ) as follows.
is finite for any ℓ = p, then both Theorem 1 and Theorem 2 hold.
Proof. By Lemma 2, E ≃ Λ. By Lemma 1 and the sequence (2), we obtain the exact sequence E/f ℓ (T )
for each ℓ = p. Since the free Z p -modules E/f ℓ (T ) and lim
same rank, the finiteness of X {ℓ} (Q ∞ ) yields the injectivity of η ℓ . Then we obtain the injective homomorphisms
where ξ is the diagonal mapping, f (T ) = lcm{ f ℓ (T ) | ℓ ∈ S }, and ι ℓ is the natural mapping induced from the inclusions B n ⊂ k n . Since X ∅ (Q ∞ ) = 0, the sequence (2) induces the exact sequence
Thus we obtain the claims of Theorem 1.
Let Q ℓ be the number of places of k ∞ lying over ℓ.
Let J be a generator of Gal(k ∞ /Q ∞ ) which acts as the complex conjugation. Put W = {1} if ζ q ∈ k ∞ , and put
By the exact sequence (2), we obtain the following commutative diagram with exact rows.
Since J acts on Im ξ ± as ±1 respectively, 2(Im ξ + ∩ Im ξ − ) = 0 and hence Im ξ + ∩ Im ξ − = 0. Therefore ξ − + ξ + is injective, and hence
where δ = rank Zp W . Suppose that p = 2. Then Q ℓ = 2P ℓ if ℓ splits in k/Q, and Q ℓ = P ℓ otherwise. Thus we obtain the claim (i) of Theorem 2. Suppose that p = 2. Then S ′′ ⊂ S ′ = S. For each ℓ ∈ S, Q ℓ = 2P ℓ if ℓ ∈ S k , and Q ℓ = P ℓ otherwise. By the formula of Ferrero [3] and Kida [7] , we have λ ∅ (k
By combining them, we obtain the claim (ii) of Theorem 2. This completes the proof of Lemma 3.
Proof and corollary
In this section, we complete the proof of Theorem 1 and Theorem 2. By Lemma 3, it suffices to show the following theorem which is a special case of Theorem 1.
Theorem 3. X {ℓ} (Q ∞ ) is finite for any ℓ = p.
In order to prove this theorem, we prepare some lemmas and notations.
Proof. For a finite place v of B n , we denote by U n,v the local unit group of the completion of B n at v. Since Leopoldt's conjecture holds for B n , the class field theory provides the following commutative diagram with exact rows (cf. arguments of §13.1 [15] ).
is a submodule of Λ of finite index, and hence lim ← − ι n is isomorphism. By taking lim ← − of the above diagram and using snake lemma, we have
Let Q (resp. Q p ) be the algebraic closure of Q (resp. Q p ), and C p the completion of Q p . Fix an embedding Q ֒→ C p , and let v p : C p → Q ∪ {∞} be the additive p-adic valuation such that v p (p) = 1. Let F be the decomposition field of ℓ in Q(µ p ∞ )/Q. Then G = Gal(F/Q) can be regarded as a quotient of Gal(Q p (µ p ∞ )/Q p ). Let L be a prime ideal of F lying over ℓ, and h be the class number of F . Then
is a principal ideal of the ring O F of algebraic integers in F generated by some
, and choose e n ∈ Z[∆] such that e n ≡ e (mod p n ) for each n ≥ 1. Put
which is a Kummer extension of Q(µ p ∞ ).
Let g ∈ Gal(K/Q(µ p ∞ )) be an arbitrary element. Then (
δg , we have gδ = δg. This implies that K/Q ∞ is abelian.
The p-adic completion of K is the Kummer extension
Then we obtain the following key lemma.
, we have α ∈ U. First, we prove the linearly independence of Kummer generators. Suppose that σ∈G z σ log p α σ = 0 with z σ ∈ Z, where log p denotes the p-adic logarithm function.
Since σ∈G α zσσ is a root of unity, we have σ∈G L (p−1)hzσσ = O F and so z σ = 0 for all σ ∈ G. Therefore log p α σ (σ ∈ G) are linearly independent over Q. By the
by Lemma 5.26 of [15] , then α σ (σ ∈ G) are linearly independent in U over Z p , and
. Since ℓ ≡ 1 (mod p), the restriction mapping ∆ → G is injective, and hence there is an exact sequence 1 → ∆ → G → Γ/Γ P ℓ → 1. Then
Now, we show the existence of b such that
a σ,i with some a σ,i ∈ Z p . Then the P ℓ ×d matrix A = (a σ,i ) σ,i has rank P ℓ , and hence there exists some B ∈ GL d (Q p ) such that AB = (E O), where E is the P ℓ ×P ℓ unit matrix, and O is the P ℓ × (d − P ℓ ) zero matrix. There exists sufficiently large b such that all components of p b B are p-adic integers. Suppose The inclusions V ⊂ Q p (ζ qp N ℓ +1 ) × ⊂ Q p (µ p ∞ ) × induce the homomorphisms .
In the case that p = 2, we obtain the following.
Proposition 2. X {ℓ} (Q ∞ ) = 0 if p = 2 and ℓ ≡ −1 (mod 4).
Proof. Since X {ℓ} (Q ∞ )/T X {ℓ} (Q ∞ ) ≃ A {ℓ} (Q) = 0, Nakayama's lemma yields that X {ℓ} (Q ∞ ) = 0.
